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Purcell Effect in the Stimulated and Spontaneous
Emission Rates of Nanoscale Semiconductor Lasers
Bruno Romeira and Andrea Fiore
Abstract—Nanoscale semiconductor lasers have been developed
recently using either metal, metallo-dielectric or photonic crystal
nanocavities. While the technology of nanolasers is steadily
being deployed, their expected performance for on-chip optical
interconnects is still largely unknown due to a limited under-
standing of some of their key features. Specifically, as the cavity
size is reduced with respect to the emission wavelength, the
stimulated and the spontaneous emission rates are modified,
which is known as the Purcell effect in the context of cavity
quantum electrodynamics. This effect is expected to have a major
impact in the ’threshold-less’ behavior of nanolasers and in their
modulation speed, but its role is poorly understood in practical
laser structures, characterized by significant homogeneous and
inhomogeneous broadening and by a complex spatial distribution
of the active material and cavity field. In this work, we investigate
the role of Purcell effect in the stimulated and spontaneous
emission rates of semiconductor lasers taking into account the
carriers’ spatial distribution in the volume of the active region
over a wide range of cavity dimensions and emitter/cavity
linewidths, enabling the detailed modeling of the static and
dynamic characteristics of either micro- or nano-scale lasers
using single-mode rate-equations analysis. The ultimate limits
of scaling down these nanoscale light sources in terms of Purcell
enhancement and modulation speed are also discussed showing
that the ultrafast modulation properties predicted in nanolasers
are a direct consequence of the enhancement of the stimulated
emission rate via reduction of the mode volume.
Index Terms—nanolasers, Purcell effect, gain, spontaneous
emission, rate-equation, metallo-dielectric nanocavities, micro-
cavity lasers, sub-wavelength lasers, nanophotonic integrated
circuits, optical interconnects.
I. INTRODUCTION
NANOLASERS, with dimensions smaller than the emittedwavelength, show great potential due to their unique
features including ultra-small footprint, high-speed modulation
and unprecedented low energy budgets. This can have a
crucial impact, not only in future optical interconnects and
communications systems working at ultralow energy per bit
levels (<10 fJ/bit [1]) and at tens of gigabit per second (Gb/s)
speeds, but also in sensing applications [2], [3]. Additionally, a
great variety of physical quantum phenomena including photon
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bunching and superradiant emission [4] can be experimentally
studied in detail taking advantage of the developed nanolasers.
Several research groups recently succeeded in achieving
lasing in a wide range number of photonic crystal [5]–[9],
metallo-dielectric [10]–[14] and plasmonic [15]–[19] nanocav-
ities. It is important to note that although ultra high-speed
operation (> 0.1 THz) has been predicted in nanocavity
lasers, their respective modulation properties have only been
experimentally reported in very few cases, including the work
of Altug et al. that demonstrated direct modulation speeds
exceeding 100 GHz in an optically pumped photonic crystal
nanocavity laser [7], and the work of Sidiropoulos et al.
which reported pulses shorter than 800 fs from optically
pumped hybrid plasmonic zinc oxide (ZnO) nanowire lasers
[18]. While the technology of nanolasers is steadily being
deployed (e.g., see recent reviews in [20]–[22]), such high-
speeds have not been experimentally tested in electrically
driven nanolasers and their expected performance for on-chip
and intra-chip optical interconnects is still largely unknown
due to a limited understanding of some of their key features,
specifically the modulation dynamic properties. Besides the
many technological challenges [14], as the cavity size of a
nanolaser becomes of the order of the emission wavelength,
new physical phenomena such as the Purcell effect [23] play
a major role in some of the expected unique properties of
nanolasers, including lasing at extremely low threshold values
[24] [8], [25], the possibility of realizing ’threshold-less’ lasers
[26]–[28] and ultrafast modulation speeds [7], [18], [29]–[32].
E. M. Purcell described in 1946 that for a system coupled to
an electromagnetic resonator the spontaneous emission prob-
ability is increased over its bulk value, and the recombination
time reduced, by a factor [23]:
FP =
3λ3c
4π2
Q
V
(1)
which is now called the Purcell factor. In Eq. (1) the parameter
V is the volume of the resonant mode, Q its quality factor, and
λc the wavelength in the material (λc = λ0/nra, where nra is
the refractive index of the medium). We note that Eq. (1) con-
siders a cavity whose fundamental mode is resonant with the
transition frequency, for a dipole aligned with the polarization
of this cavity mode and located at position of maximum field,
and for an emitter linewidth that is narrow compared with
the cavity linewidth. This makes the experimental observation
of this effect relatively challenging, specifically in the field
of optics where a significant increase in the emission rate
requires optical resonators that are able to confine light down
to dimensions comparable to the wavelength and store it for
a long time.
2In a seminal paper in 1998 [33], J. M. Ge´rard et al.
demonstrated the Purcell enhancement of the spontaneous
emission by semiconductor quantum dots in a monolithic
optical microcavity paving the way to fascinating quantum
electrodynamics experiments on single solid-state quantum
emitters in microcavities [34]. Since then, the processing
technology has matured sufficiently to enable the fabrication of
nanocavities with high quality-factors and low mode volumes
and demonstrate the Purcell enhancement in a variety of
dielectric or metallic cavities [35]–[38].
In semiconductor micro- and nano-lasers, a few seminal
theoretical works in the early 90’s already predicted [39]–[43],
using rate-equation analysis, that microcavity lasers taking
advantage of an enhancement of the emission rate could
display unique and novel properties, including a low threshold
current, the disappearance of the lasing threshold in the input-
output curve and the absence of relaxation oscillations. After
the development of the first micro- and nano-cavity lasers
showing some of these unique properties [7], [26]–[28], a
wide range of theoretical models have been proposed to
study the corresponding static and dynamical characteristics.
These works include the analysis of the modulation speed
in nanocavity light emitting (LED) devices and nanolasers
[29]–[31] as a function of the mode volume, V , spontaneous
emission factor, β, and Purcell factor, FP . More detailed rate-
equation models for plasmonic nanolasers have been proposed
that include description of metal effects and take into account
the inhomogeneity and dispersion of the cavity media [44],
[45]. Lastly, in the case that the number of photons in the
nanolaser cavity is very low, a quantum description of the
nanolaser may be required, as proposed by several authors
[46]–[49].
It is noteworthy that, contrary to the seminal work of
Yokohama et al. [39], most of recently reported rate-equation
models mainly focus on the enhancement of spontaneous
emission [13], [29], [30], neglecting that stimulated emission is
directly linked to spontaneous emission, as it is readily seen in
the Einstein’s relations or by the derivation of the light-matter
interaction in the quantized field picture. Several experimental
studies also report the enhancement of the stimulated emission,
like for example in microdroplets [50], microlasers [51], and
nanowire lasers [52], confirming that it should be treated on
the same footing as the spontaneous emission. In the case
of a nanolaser, this can result in a Purcell enhancement of the
stimulated emission which influences the threshold of the laser,
as theoretically investigated in the case of spectrally-narrow
emitters [53], and as reported in a recent experimental work
on subwavelength red-emitting hybrid plasmonic lasers [54].
Another recurring assumption in nanolaser models is that the
Purcell factor, FP , and in some cases the spontaneous emission
coupling factor, β, can be treated as adjustable independent
phenomenological parameters. Although this approach can
provide a reasonable qualitative description of a nanolaser,
in an experimental device only the cavity dimensions and
emitter/cavity linewidths can be controlled. Therefore, β and
Fp are not device adjustable parameters but come as a result
of the emission processes occurring in a nanolaser. It is also
clear that the Purcell factor and the β factor are in general
independent quantities. The Purcell factor presented in Eq. (1)
can be more generally defined as:
F =
Rsp,cav
Rbulk
(2)
where Rsp,cav is the spontaneous emission rate into the cavity
mode per unit time and Rbulk is the total spontaneous emission
rate per unit time in the bulk medium in the absence of a
cavity. The Purcell factor, F , in Eq. (2), becomes equal to
FP , Eq. (1), in the case of an ideally matched emitter. The
spontaneous emission coupling factor, β, is defined as the
fraction of spontaneously emitted photons which are coupled
to the cavity mode, and can be written as:
β =
Rsp,cav
Rsp,cav +Rl
(3)
whereRl is the rate of emission per unit time into other modes.
As can be immediately seen from Eq. (2) and Eq. (3), the β
value can be substantially increased via the suppression of
Rl, even when Rsp,cav = Rbulk , i.e. in the absence of Purcell
enhancement, as discussed for example in [55].
Finally, since the active medium in nanolasers mostly
consists of bulk or multi-quantum well (MQW) semiconduc-
tors, inhomogeneous and homogeneous broadenings should be
taken into account, particularly when the nanolasers operate at
room temperature. In the situation of a gain medium described
by a broad emitter, as outlined for example in [56], [57], the
linewidth broadening typically overcomes the effect of a much
narrower cavity linewidth, and consequently the cavity Q has
negligible effect on the spontaneous emission rate, a case not
described by Eq. (1). Therefore, in nanocavity lasers this may
result in much lower overall spontaneous emission rates than
that predicted by Eq. (1) for a narrow emitter. Additionally, as
discussed recently in the case of a metal-dielectric nanopillar
cavity [58], the carrier distribution can be non-uniform over
the mode volume, which can further reduce the spontaneous
emission rate.
In this work, we take all these effects into account and
present a single-mode rate-equation model that considers
the Purcell enhancement of both spontaneous and stimulated
emission rates on the same footing. Using this model, we
investigate in detail the static and dynamic characteristics
of electrically-pumped metallo-dielectric cavity nanolasers,
including threshold current and modulation speed properties.
The treatment presented here is fundamentally different from
the rate-equation analysis reported before due to the following
combined key aspects:
i) Only the physical properties of the nanolasers,
specifically the gain material and cavity, are used
to fully describe their static and dynamic charac-
teristics, avoiding the ad-hoc introduction of the
spontaneous emission factor, β, or the Purcell factor,
FP ;
ii) Spontaneous and stimulated emission rates are
treated on the same footing which leads to a Purcell
enhancement of both radiative processes;
iii) The model can describe either macro-, micro- or
nano-lasers over a wide range of cavity dimensions
3and emitter/cavity relative linewidths (including, but
not limited to, photonic crystal/metallic cavities and
quantum dot/well/bulk gain materials);
iv) The model accounts for the spatial and spectral
overlap between carriers and photons.
The paper is organized as follows. In section II, we write
the stimulated and spontaneous emission rates for a homoge-
neously broadened two-level atom in a resonant cavity using
the Fermi’s golden rule. We consider the Purcell enhancement
in two general situations: 1) spectrally-narrow emitter (much
narrower than the single cavity mode) and 2) broad emitter.
In section III, we introduce the detailed single-mode rate-
equation model and extend our treatment to account for the
inhomogeneous broadening of the carriers, and the carriers’
spatial distribution in the volume of the active region in the
case of nanocavity lasers. In sections IV and V, we analyze
the static and dynamic characteristics, respectively, of both
electrically pumped micropillar lasers and nanopillar metal-
cavity lasers, considering the most common situation of lasers
operating at room-temperature and employing a bulk gain
active medium (e.g. InGaAs), i. e., with a gain spectrum
much broader than the cavity mode. The expected performance
in terms of threshold current and high-speed modulation is
discussed in detail. The ultimate limits of scaling down these
nanoscale light sources in terms of Purcell enhancement of the
emission are also discussed.
II. PURCELL ENHANCEMENT OF THE SPONTANEOUS AND
STIMULATED EMISSION RATES
A. Stimulated and spontaneous emission from Fermi’s Golden
rule
The rate of photon emission for a homogeneously broadened
two-level atom in a resonant cavity is derived directly from
Fermi’s golden rule [59]:
Rem =
2π
h¯2
∫
∞
0
|〈f |H |i〉|2ρ(ω)L(ω)dω (4)
where ρ(ω) is the density of optical states per unit of angular
frequency ω, L(ω) the homogeneous broadening lineshape, H
the atom-field interaction hamiltonian, and i, f the initial and
final states of the transition. The lineshapes for the cavity and
the emitter are both typically given by Lorentzians. A detailed
derivation of Eq. (4), based on the density matrix approach and
an artificial discretization of the density of optical states can
be found in [59], and is employed in [60] in the investigation
of the spontaneous emission in optical microcavities.
Considering an electric dipole transition and a single cavity
mode, the matrix element is given by:
|〈f |H |i〉| = E0(~rem)eˆ · ~dif
√
Nph + 1 (5)
where Nph is the number of photons in the mode, E0(~rem) =√
(h¯ω/2ε0εraV )e(~rem) is the magnitude of the field per
photon at the position of the emitter ~rem, eˆ is a unit vector
indicating its polarization, ε0 is the dielectric permitivity of
free space, εra is the relative dielectric constant in the active
material and V the cavity mode volume. In Eq. (5), we note
that the term proportional to Nph denotes stimulated emission,
while the term proportional to 1 represents spontaneous emis-
sion. The adimensional mode function e(~r) is normalized to
be |e(~r)|max = 1, so that for a point-like, optimally positioned
emitter, we obtain:
〈f |H |i〉| =
√(
h¯ω
2ε0εraV
)
eˆ · ~dif
√
Nph + 1 (6)
which is in agreement with the usual notation [61]. Finally,
the atomic dipole moment is defined as:
~dif = |〈Ψi|~d|Ψf 〉| (7)
where ~d is the dipole operator, and Ψi(f) is the upper (lower)
level wavefunction of the atom.
The mode volume, V , is defined by the energy normaliza-
tion condition of the field per photon, E0 , which in the case
of a dielectric, non-dispersive cavity reads:∫
2ε(~r)|E0(~r)|
2d3~r = h¯ω (8)
The mode volume is therefore given by:
V =
∫
εr(~r)
εra
|e(~r)|2d3~r (9)
In the case where the dielectric constant is uniform in the
cavity, this simplifies to V =
∫
|e(~r)|2d3~r and the mode
volume is close to the physical cavity volume. Note that the
normalization condition in Eq. (8) changes in the situation of a
cavity with metal boundaries, since the energy in the field and
the kinetic energy of the electrons both have to be properly
accounted for, as thoroughly discussed in [62]. This changes
the value of V but does not qualitatively modify the discussion
below.
In order to relate to the literature on Purcell-enhanced
spontaneous emission, we now apply Eq. (4) and the matrix
element for a point-like, optimally positioned emitter, Eq. (6),
and derive the stimulated and spontaneous emission rates in
the cavity mode considering two situations. The first case
analyzed, depicted in Fig 1(a), considers that the emitter has a
delta-function-like spectral width in comparison to the cavity.
This is the standard example in which large Purcell factors
[23] are observed and applies for example to a quantum
dot (QD) emitter at cryogenic temperatures where the homo-
geneous linewidth can be made smaller than 0.1 meV (for
a review see [63]), a case treated in many quantum optics
textbooks [64]. In a second case, schematically represented in
Fig 1(b), we analyze the situation when the cavity linewidth
is a delta function as compared to the emitter linewidth,
which is the standard situation of the majority of micro- and
nanoscale semiconductor lasers employing a bulk (or MQW)
type of emitter operating at room temperature. In a third case,
not explicitly treated here, in which the emitter and cavity
linewidths are comparable, Eq. (4) has to be integrated over
both lineshapes and the matrix element. This is discussed, for
example, in [65] for the case of an ensemble of finite-linewidth
quantum dot emitters in a microcavity where the cavity and
QDs both have a Lorentzian profile.
4Fig. 1. Schematic representation of two situations showing the relation
between the cavity resonance and the emitter’s transition spectrum. (a) The
single cavity mode resonance width is broader than the emitter’s transition
width. (b) The emitter’s width is broader than the single cavity mode width.
B. Emitter narrow, cavity broad (∆ωem ≪ ∆ωcav)
Using Eqs. (4)-(6), we analyze the spontaneous and stim-
ulated emission processes in the case where ρ(ω) is nonzero
only in a narrow frequency region (single optical mode in the
gain spectrum), so that the matrix element is independent of
frequency and can be taken out of the integral in Eq. (4). An
average dipole moment, dif = 〈eˆ · ~dif 〉, is also assumed in
the following, for the cases where the emitters have dipole
moments oriented along different directions. Thus, the photon
creation rate by spontaneous and stimulated emission for a
single atom in the cavity mode for a point-like, optimally
positioned emitter (still assuming |e(~rem)| = 1) becomes:
Rsp,st,cav =
π
h¯ε0εra
d2if
V
(Nph + 1)
∫
∞
0
ρ(ω)L(ω)dω (10)
In the case of a narrow emitter, that is, the linewidth of the
emitter is much smaller than the linewidth cavity, ∆ωem ≪
∆ωcav (Fig. 1(a)), and assuming the emitter is resonant with
the cavity mode (ω = ωcav) the density of optical modes
(assumed Lorentzian) is given by ρ(ωem) ≃ 2/π∆ωcav at the
emitter’s frequency. The stimulated and spontaneous emission
rate in the cavity mode (approximating L(ω) by a Dirac delta
function) becomes:
Rsp,st,cav ≃
2
h¯ε0εra
d2if
Q
V
(Nph + 1) (11)
where Q = ωcav/∆ωcav is the quality factor of the cavity
mode, ωcav is the cavity frequency. Dividing Eq. (11) by
the emission in the bulk, Rbulk , for the case of spontaneous
emission (Nph = 0), we obviously retrieve the Purcell factor
of Eq. (1) [23]. We note that the well-known Q/V factor in
Eq. (1) and Eq. (11) is only applicable to this case of narrow
emitter, which is a very specific situation in nanolaser devices.
As an example, this would correspond to a single quantum-
dot operating at cryogenic temperature. In this case, the
photon creation rate by spontaneous and stimulated emission
both depend directly from the Q/V ratio, meaning that the
stimulated emission can be also Purcell enhanced, a case
studied by Gregersen et al. [53].
C. Emitter broad, cavity narrow (∆ωem ≫ ∆ωcav)
In the most realistic case, the emitter width is broader than
the single cavity mode width. This occurs in the thermally
broadened gain curve for bulk or quantum well active layers
and in quantum dots where a large homogeneous broadening
occurs at high temperature or under electrical pumping con-
ditions [66]. In these cases, ∆ωem ≫ ∆ωcav, Fig. 1(b), using
the same procedure as in the previous sub-section, assuming
that the homogeneous broadening, L(ω), is a Lorentzian cen-
tered at ωcav (i.e., L(ωcav) = 2/π∆ωem) and approximating
ρ(ω) by a Dirac delta function centered at ω = ωcav, the
stimulated and spontaneous emission rate in the cavity mode
now becomes:
Rsp,st,cav ≃
2
h¯ε0εra
d2if
ωcav
∆ωem
1
V
(Nph + 1) (12)
We note that in this case, both stimulated and spontaneous
emission processes depend on the emitter’s linewidth, ∆ωem,
and still depend inversely on V but not on the cavity’s
Q−factor (the same expression as Eq. (12) was previously
derived with a Master equation approach in the case of spon-
taneous emission [56]). The 1/V dependence comes directly
from the dependence of the emission rate on the field per
photon.
III. RATE-EQUATION ANALYSIS
In this section, we introduce the detailed single-mode rate-
equation model considering the practical situation of a semi-
conductor laser employing a gain medium with homogeneous
broadening larger than the cavity linewidth, the case described
in Eq. (12) for a single emitter. Firstly, we derive the rate
equations for the case of a semiconductor active medium
with broad homogeneous broadening consisting of an atomic
ensemble of identical incoherent (wide) solid-state emitters at
room temperature. Secondly, we consider the inhomogeneous
broadening of the electronic states. In both cases, the typical
situation of macro- and microscale lasers (e.g. Fabry-Pe´rot,
distributed feedback or vertical-cavity surface-emitting cavity
lasers) is assumed, where the mode field can be considered
uniform in the active region. As a third step, we derive the
rate equations for the case of nanoscale (wavelength and sub-
wavelength scale) semiconductor lasers in which the field can
vary substantially over the volume of the active region.
A. Rate equations with homogeneous broadening
Starting from Eq. (12) that describes the photon creation rate
by spontaneous and stimulated emission for a single atom, we
now consider the realistic situation of a laser active material
consisting of an atomic ensemble of incoherent (wide) solid-
state emitters at room-temperature in which collective radiant
effects (e.g. superradiance [4]) can be considered negligible as
5the decoherence time of atoms is much shorter than all relevant
dynamics. We also initially assume that all atoms have the
same transition frequency and are positioned at the antinode of
the cavity field so that |e(~rem)| = 1. The total rate of increase
in photon number is then given by Rtotsp,st,cav = Rsp,st,cavN2,
where N2 is the number of atoms in the upper state. Since the
absorption rate per atom is written similarly to the stimulated
emission rate, the net rate of variation in photon number is
therefore given by the rate equation:
dNph
dt
=
2
h¯ε0εra
d2if
ωcav
∆ωem
1
V
(N2 −N1)Nph
+
2
h¯ε0εra
d2if
ωcav
∆ωem
1
V
N2 (13)
where N1 is the number of atoms in the lower state. In order
to write a rate equation for the photon, nph and carrier, n,
densities we define, nph = Nph/V , and ni = Ni/Va (where
Va is the volume of the active material), respectively. We then
arrive at the usual single-mode rate equation for the photon
density describing net gain and spontaneous emission:
dnph
dt
=
2
h¯ε0εra
d2if
ωcav
∆ωem
Va
V
(n2 − n1)nph
+
2
h¯ε0εra
d2if
ωcav
∆ωem
Va
V 2
n2 (14)
where Va/V can be defined as the confinement factor, Γ. In
the right side of Eq. (14) we recognize the usual modal gain
and spontaneous emission terms typically appearing in single
mode rate equations. Both terms depend on the mode volume,
which means that a reduction V results not only in an increase
of the spontaneous emission into the cavity mode, but also
in an increase of the modal gain. Finally, we note that the
spontaneous emission term has a 1/V 2 dependence. One 1/V
term comes from the dependence on the field per photon as
already discussed and presented in Eq. (12). The second 1/V
dependence is just a result of the use of volume densities in
the rate equation.
B. Rate equations with inhomogeneous and homogeneous
broadening
In Eq. (14), only homogeneous broadening has been consid-
ered. However, in the case of a semiconductor active medium
where emitters are spectrally dispersed, the inhomogeneous
broadening of the electronic states must be described by
integrating Eq. (4) over the band structure. While the case of a
bulk medium is explicitly treated here, a similar derivation can
be done for quantum well, quantum wire or quantum dot active
regions. We assume for simplicity a single valence band and
a parabolic dispersion of the conduction and valence bands,
characterized by temperature-independent effective masses,
me and mh, respectively, and neglect the dependence of the
matrix element on the wave vector k. Following the usual
procedure in semiconductor laser theory, we can introduce the
joint density of states per unit frequency and volume:
ρj(ωvc) =
1
2π2
(
2mr
h¯
)3/2√
ωvc − ωg (15)
where ωvc is the frequency corresponding to a vertical
electron-hole transition, mr =
memh
me+mh
, is the reduced mass,
and ωg is the frequency corresponding to the bandgap. In
the limit ∆ωem ≫ ∆ωcav, assuming that electron and hole
populations are in quasi-equilibrium so that they can be
described by Fermi-Dirac distributions, and considering the
medium as dispersionless, the stimulated and spontaneous
emission rates into the cavity mode per unit time and volume,
rsp,st,cav ≡
Rsp,st,cav
Va
, obtained by integrating Eq. (4) over the
band structure, become:
rsp,st,cav =
π
h¯ε0εra
d2if
ωcav
V
(Nph + 1)
×
∫
∞
ωg
ρj(ωvc)L(ωcav − ωvc)fc(1− fv)dωvc (16)
where fc, fv are the Fermi distribution functions of electrons
calculated at the conduction and valence energies, respectively.
Finally, in order to find the net stimulated emission, rnet =
rst− rabs, we need to consider the expression for the absorp-
tion rate, which is similar to the one obtained for the stimulated
emission into the cavity mode, Eq. (16), but with the exchange
of the occupation probabilities. Therefore, the net stimulated
emission per unit time and volume, rnet, reads:
rnet ≡ γnetnph =
π
h¯ε0εra
d2ifωcavnph
×
∫
∞
ωg
ρj(ωvc)L(ωcav − ωvc)(fc − fv)dωvc (17)
We note that this equation directly provides the textbook
expression for the material gain in the case of a macroscopic
cavity [67]. The spontaneous emission rate into the cavity
mode per unit time and volume is taken from Eq. (16) by
simply setting Nph = 0:
rsp,cav ≡
γsp,cav
V
=
π
h¯ε0εra
d2if
ωcav
V
×
∫
∞
ωg
ρj(ωvc)L(ωcav − ωvc)fc(1− fv)dωvc (18)
In Eqs. (17) and (18) we introduced γnet and γsp,cav,
respectively, which are volume independent to explicitly show
the mode volume dependence on the rates. Lastly, we can
write the single-mode rate equations for carrier density, n,
and photon density, nph, assuming an electrically pumped
semiconductor laser:
dn
dt
=
ηiI
qVa
− rnr − rl −
γsp,cav
V
− γnetnph (19)
dnph
dt
=
Va
V
γnetnph +
Va
V
γsp,cav
V
−
nph
τp
(20)
where we have introduced the recombination rates per unit
time and volume, rnr and rl, describing the non-radiative
6recombination rate and the radiative recombination rate into
the leaky modes, respectively. The non-radiative recombina-
tion rate, rnr =
υsA
Va
n + Cn3, accounts for the surface
recombination described by the surface velocity, υs, and by
the surface area of the active region, A, and for Auger
recombination (described by C). The radiative decay into the
leaky modes is calculated similarly as rsp,cav but replacing
the cavity density of states by a density of leaky optical
modes. The former is typically reduced from the bulk value
in a nanophotonic cavity (see, e.g. in micropillar cavities
[33]) and can be calculated numerically [40]. The remaining
parameters include I describing the injection current, q the
electron charge, and ηi the injection efficiency. Finally, the
photon loss rate is given by nph/τp, where τp =
λcQ
2pic is the
photon lifetime which is determined from the qualityQ−factor
and the cavity resonance wavelength, λc, where c is the speed
of light.
From the analysis of Eqs. (19)-(20), we readily recognize
that a substantial reduction of the mode volume results in
an increase of the modal gain. This comes directly from the
dependence of the stimulated emission rate on the field per
photon. Importantly, this rate-equation model avoids the ad-
hoc introduction of the Purcell factor, FP , and the spon-
taneous emission factor, β, directly into the rate equations.
This makes our theoretical treatment more transparent since
only the physical parameters of the micro- or nano-cavity
semiconductor laser such as the cavity dimensions and emit-
ter/cavity relative linewidths are employed.
C. Rate equations with spatially distributed emitter
In the situation of a small-cavity laser with wavelength- or
subwavelength-scale size, the spatial variation of the field in
the active region of the small-cavity needs to be taken into
account. In this case, the mode function e(−→r ), and corre-
spondingly the transition rates, vary over the active volume.
This case has been identified, for example, in the analysis of
plasmonic nanolasers in [45], where an energy confinement
factor was introduced in the rate equations to describe the non-
perfect overlap of the optical mode with the gain medium. In
our analysis, in order to account for this effect, we discretize
the active volume in boxes, dVa, small enough that the field
e(−→r ) is approximately uniform within the box, and sufficiently
large that a band description is adequate (> 40 nm). Assuming
that the carrier concentration is uniform over Va due to
carrier diffusion, each box contributes to a cavity emission rate(
γnetnph +
γsp,cav
V
)
|e(−→r a)|
2dVa, and the integration over Va
provides the following corrected expression for the effective
mode volume:
1
Veff
=
1
V
∫
|e(−→r a)|
2
Va
dVa (21)
From this definition, we recognize that, if the emitter-
cavity overlap is not perfect, i.e., if the field amplitude is
low in parts of the active region, the effective cavity volume
is increased, and the spontaneous emission rate and gain are
correspondingly decreased. This situation has been considered
previously for the case of the spontaneous emission modelling
in a metal-cavity nanoLED [58] and also in a metallo-dielectric
nanolaser [10], but it is here generalized to include also
stimulated emission.
Using the corrected expression for the effective mode vol-
ume we arrive to the final rate-equation model for a nano-
cavity laser:
dn
dt
=
ηiI
qVa
− rnr − rl −
γsp,cav
Veff
− γnetnph (22)
dnph
dt
=
Va
Veff
γnetnph +
Va
Veff
γsp,cav
Veff
−
nph
τp
(23)
where all the volume dependences are written explicitly, and
nph is now defined as Nph/Veff .
IV. STATIC PROPERTIES OF METALLO-DIELECTRIC
NANOLASERS
Metallo-dielectric cavities can confine light to volumes
with dimensions smaller than the wavelength. They typically
consist of a semiconductor pillar (e.g. a double heterostructure
InP/InGaAs/InP) surrounded by an isolating dielectric material
(e.g. SiN) and then encapsulated with metal (gold or silver).
The combination of metal and dielectric confines the optical
mode around the semiconductor gain region. In this section,
we consider three examples of metallo-dielectric micro- and
nano-pillar cavity lasers and analyze their static properties us-
ing the rate-equation model presented in the previous section,
Eqs. (22)-(23). We note that the goal here is not to provide a
comprehensive model including all relevant effects, but rather
a simple and intuitive description of practical laser structures
under realistic conditions. This will provide direct insight on
the role of key parameters on the performance of the micro-
and nano-lasers, particularly the surface recombination and
mode volume.
In the first metallic-coated micropillar laser analyzed here
(shown in the inset of Fig. 2a)), we assumed a pillar with
rectangular cross-section (including the SiN dielectric layer)
with dimensions of 1.15 (width) × 1.39 (length) × 1.7
(height) µm3. This structure is similar to the one presented
in the work of Ding et al. [68], the first CW electrically-
pumped nanolasers operating at room-temperature. The second
metallic-coated nanopillar laser, corresponds to a pillar with
a circular cross-section (shown in the inset of Fig. 2b)). We
assumed dimensions of 0.28 µm (diameter) and 1.29 µm
(height). This structure is similar to the one presented in the
work of Hill et al. [10], the first reported metallic coated
nanolaser. Lastly, in the third nanopillar laser analyzed here,
we assumed a similar geometry as in the previous nanolaser
with a diameter of 0.1 µm (shown in the inset of Fig. 2c)). In
all three lasers, we assumed values of active volume, Va, and
effective mode volume, Veff , such that Veff ∼ Va, see Table I.
We note that for the micropillar laser 1 and nanopillar laser 2,
the effective mode volume is larger than the wavelength of the
emission, whereas for the nanopillar laser 3 the mode volume
is smaller than the wavelength. This nanolaser 3 corresponds to
a Purcell enhanced case via the reduction of the effective mode
volume of the nanocavity. Since in this situation the cavity
is still larger than the wavelength at least in one direction,
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DESCRIPTION OF THE TYPICAL PARAMETERS USED IN THE MODEL.
Parameter micropillar
laser 1
nanopillar
laser 2
nanopillar
laser 3
Temperature, T 300 K 300 K 300 K
Electron mass, me 0.041 m0 0.041 m0 0.041 m0
Hole mass, mh 0.45 m0 0.45 m0 0.45 m0
Refractive index, nra 3.4 3.4 3.4
Quantum efficiency, ηi 1.0 1.0 1.0
Active volume, Va 0.4 µm
3 0.02 µm3 0.002 µm3
Wavelength, λc 1.55 µm 1.55 µm 1.55 µm
Quality factor, Q 235 235 235
Mode volume, Veff 0.5 µm
3 0.025 µm3 0.0025 µm3
Surface velocity, υs 7× 104 cm/s 7× 104 cm/s 7× 104 cm/s
Auger recombination,
C
8.5 × 10−29
cm6/s
8.5 × 10−29
cm6/s
8.5 × 10−29
cm6/s
calculations of the relative fraction of magnetic energy show
that more energy is stored in the magnetic field than in the
motion of electrons in the metal [62], and therefore the mode
volume definition of Eq. (9) and the effective mode volume
definition of Eq. (21) are still approximately valid. In the case
of metallo-dielectric cavities that are sub-wavelength in all
three directions, the kinetic energy can be included in the
calculation of the effective mode volume, as discussed in [62].
We have numerically simulated the L − I characteristics
of the small lasers, Fig. 2, using the rate-equation model
described by Eqs. (22)-(23). In all cases, the gain active
medium was a bulk InGaAs material and we assumed room-
temperature operation at 1.55 µm. In the simulations, γnet
and γrsp,cav were numerically calculated employing typical
values found in the literature for the InGaAs active material.
In order to allow a direct comparison, we assumed a quality
factor of Q = 235 for all cavities, corresponding to a photon
lifetime of τp = 0.19 ps. In practical structures, it is expected
that Q values > 200 can be achieved at room-temperature
using optimized metal layers [14]. Table I summarizes the
parameter values used in the L − I simulations. In order to
plot the L − I curves, we found the steady-state solutions
of Eqs. (22)-(23) by setting dn/dt and dnph/dt to zero and
then solving the equations in the unknown Ef,c and Ef,v.
The Fermi distribution functions fc and fv were computed
from the electron density, nc and hole density, nh, related with
the respective quasi-Fermi levels Ef,c and Ef,v and assuming
the charge neutrality condition (nc = nh). The calculated
photon density was then converted to an output power using
P =
nphVeffηhc
τpλc
, where h is the Planck’s constant, and η the
external quantum efficiency. Lastly, for simplicity of analysis,
the injection efficiency (ηi = 1) and the external quantum
efficiency (η = 1) were kept constant.
In Fig. 2 the calculated L− I curves are displayed showing
the optical power versus the injected current. The curves were
simulated for the following values of surface recombination:
υs = 7×10
4 cm/s (dash-dot black trace), a typical value found
in micro- and nanopillar devices [14], [58], and υs = 260
cm/s (solid blue trace), an ultralow value of surface recom-
bination achieved recently in InGaAs/InP nanopillars using
an improved passivation method [69]. In all plots, we kept a
realistic room-temperature Auger coefficient (see Table I). This
choice of parameters results in a threshold current (Ith = 0.74
b)
c)
a)
Metal
InGaAs
d=
1.2
µm
d=0.28 µm
InGaAs
Metal
d=0.1 µm
InGaAs
Metal
micropillar laser 1
nanopillar laser 2
nanopillar laser 3
Fig. 2. Simulated pillar L− I characteristics of the metallo-dielectric micro-
and nano-cavity lasers: a) micropillar laser 1 with a rectangular cross-section
cavity pillar and a mode volume of Veff = 0.5 µm
3 (schematic of the
micropillar shown in the inset); b) nanopillar laser 2 with a circular cross-
section cavity pillar and a mode volume of Veff = 0.025 µm
3 (schematic of
the nanopillar shown in the inset). c) nanopillar laser 3 with a circular cross-
section cavity pillar and a mode volume of Veff = 0.0025 µm
3 (schematic
of the nanopillar shown in the inset). The L − I curves were simulated for
the following values of surface recombination: υs = 7× 104 cm/s (dash-dot
black trace) and υs = 260 cm/s (solid blue trace).
mA) close to the value experimentally reported (Ith ∼ 1 mA)
in a similar structure at room temperature [68]. The results
in Fig. 2 show a substantial reduction of the laser threshold
in the case of a low surface velocity for all small lasers,
demonstrating that nonradiative effects play a strong role in the
performance of the nanolasers. Furthermore, for the smallest
cavities, panel b) and c), we also see a smooth transition
from non-lasing to lasing for the case of low surface velocity
recombination (blue solid curves). This effect is a result of
the substantial reduction of the surface recombination together
with the small mode volume where a substantial fraction of
the spontaneous emission is coupled to the cavity mode below
8threshold. In the sub-wavelength case, Fig. 2c), the threshold
transition disappears completely in the L − I curve. This is
a case of a nanolaser exhibiting a ’threshold-less’ behavior.
As discussed next, the corresponding calculated values of β,
Fig. 3b), indeed show that the theoretical β approaches unity
when Veff is substantially reduced (assuming a fixed radiative
emission into leaky modes, rl).
It is noteworthy that the curves in Fig. 2 were simulated
without requiring the introduction of the spontaneous emission
factor, β, or the Purcell factor, FP . In our model, the corre-
sponding theoretical values of β and Purcell enhancement F
can be calculated from Eqs. (3) and (2), respectively, for a
given active gain material and effective mode volume. Figure
3a) shows the theoretical Purcell factor as a function of carrier
density for all lasers displayed in Fig. 2. Clearly, a decrease
of the mode volume produces a proportional increase of the
Purcell factor. Since we choose identical homogeneous and in-
homogeneous broadening conditions and identical wavelength
operation, the Purcell factor scales as 1/Veff . The calculations
predict a Purcell factor of F ∼ 4.2 for the case of the smallest
nanopillar laser 3, and no enhancement, that is F < 1, for
the remaining cases (all values taken at a carrier density of
2 × 1018 cm−3). The Purcell factor strongly depends on the
carrier density. The large decrease of Purcell enhancement for
carrier densities above the transparency value is a combination
of band filling effect and the continuous increase of Rbulk .
The values of the Purcell factor calculated here, F < 10,
for the smallest mode volume analyzed and Purcell factors
below one, for the larger mode volumes, are substantially
lower than the values typically employed in the numerical
fittings reported elsewhere using rate-equation analysis of
experimental nanolasers with similar cavity dimensions and
bulk gain medium (see e.g. [68]). While indeed calculations of
Purcell enhancement (e.g. using finite-difference time-domain
simulations) can show very high Purcell values (F > 10)
for the mode of interest in the ideal case of a monochro-
matic dipole, our theoretical model shows that this value is
substantial reduced in the bulk case when homogeneous and
inhomogeneous broadening are taken into account. Indeed, the
strong reduction of the Purcell enhancement due to the broad-
ening effects has been recognized in a previous theoretical
work that analyzed a nanolaser with MQW active gain medium
[30]. Importantly, our model also shows that the non-perfect
spatial overlap of the optical mode with the gain medium
further contributes to the reduction of the maximum achievable
Purcell enhancement.
Finally, the β values are shown in Fig. 3b) as a function of
the carrier density calculated using Eq. (3) (we assumed an
emission rate into the leaky modes fixed to the value used in
the L−Is shown in Fig. 2). As the mode volume decreases, the
β−factor quickly approaches unity, that is, a substantially large
portion of the spontaneous emission is emitted in the lasing
mode. The varying β can be an important feature in cases
where detailed studies of the nanolaser properties below and
around threshold are required. This is significantly different
from the standard rate-equation analysis where β is assumed
constant.
b)a)
Fig. 3. a) Purcell factor as a function of the carrier density for the metallo-
dielectric micro- and nanocavity lasers shown in Fig. 2. b) Corresponding
theoretical values of β-factor as a function of the carrier density.
V. DYNAMIC PROPERTIES OF METALLO-DIELECTRIC
NANOLASERS
While a wide range number of metallo-dielectric nanolasers,
similar to the ones described in the previous section, have been
reported, their respective modulation properties remain largely
unknown, namely because of the typical ultralow output power
levels. Here, we perform a systematic study to investigate the
influence of the substantial reduction of the mode volume
in the expected performance of the nanolasers in terms of
modulation speed.
Figure 4a) displays the injected current versus the photon
number for the metallo-dielectric nanolasers analyzed in Fig.
2, in the case of low surface recombination velocity. From the
I − L curves, we immediately see that the metallo-dielectric
cavity nanolasers operate with much lower number of photons
than standard semiconductor lasers (typically two order of
magnitude lower than a typical small VCSEL), explaining
the ultralow output power levels usually reported and the
difficulties in measuring the respective modulation properties.
Although further increase of the current would allow us to
increase the photon number output, in realistic devices, effects
such as the temperature increase (not analyzed here) [70], and
Auger recombination strongly limit the current range in which
these devices can be operated.
Using a standard small-signal analysis of the differential
equations, Eqs. (22)-(23) (see Appendix A for more details),
we analyzed the modulation characteristics of the devices
of Table I and Fig. 2, specifically the relaxation oscillation
frequency, Fig. 4b), and the damping factor, Fig. 4c), as a
function of the photon number. As discussed in the Appendix
A, the relaxation oscillation frequency, ωR, of the nanolasers
is given approximately by ωR ≈
√
Nph
τpVeff
∂γnet
∂n , see dot red
curves in Fig. 4b), which agrees with the ωR expression found
in laser textbooks [67]. While for lower photon numbers the
spontaneous emission into the cavity also contributes to ωR
(Eq. (33) in the Appendix A), in Fig. 4b) we see that at values
of photon number Nph > 20, the simplified expression is
sufficient to describe the relaxation oscillation predicted by the
full model. Our results clearly demonstrate that the modulation
dynamics for bias values well above the threshold depends on
Veff through the gain term as typically observed in a standard
laser and is not affected by the spontaneous emission term.
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b)
a)
Fig. 4. a) The injected current, b) the relaxation oscillation frequency, ωR ,
and c) and the damping, γR as a function the photon number for the metallo-
dielectric micro- nano-cavity lasers shown in Fig. 2. In panel b), the dot red
curves correspond to the simplified expression for the relaxation oscillation
frequency, ωR ≈
√
Nph
τpVeff
∂γnet
∂n
.
This explains the higher slope of ωR for decreasing effective
mode volume of the nanolasers shown in Fig. 4.
In the case of the damping factor, Fig. 4c), we note that
the plots are very similar (note that the y-axis is in log
scale) since we have chosen cavities with the same quality
factor. We also note a large value of the damping due to the
low−Q of the cavities, and a large increase of the damping
for low photon number, i.e., Nph < 20. This pronounced
variation of the damping close to threshold can be explained
by a smooth increase of carrier density in the photon range
between Nph = 1 and Nph = 20. This occurs since near and
above the threshold region the damping factor decreases as
1
τp
− γnet(n0) (see Eq. (34) in Appendix A), where n0 in
γnet(n0) is the carrier density value at the steady-state. Since
in this region the carrier density is not fully clamped and the
net gain increases smoothly, the large variation of the damping
is more pronounced in the case of nanolasers, although it is
also expected in micro- and macro-scale lasers when Nph is
small. For Nph between 20 and 100 we note that the damping
Fig. 5. The small-signal 3dB-bandwidth (f3dB ) versus photon number for
the metallo-dielectric micro- nano-cavity lasers analyzed in Fig. 4. In the inset
is shown the modulation response of nanopillar laser 3 as a function of the
frequency at Nph = 15 and Nph = 30.
of the nanopillar laser 3 is slightly larger than the remaining
lasers. This is a direct consequence of the contribution of τpω
2
R
(see Eq. 32 in the Appendix A) to the damping due to the large
value of the relaxation oscillation frequency (ωR ∼ 9× 10
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at Nph = 100) in the case of the nanopillar laser 3. Lastly,
we note that the increase of γR with Nph, which is typical of
larger lasers [67], will not be likely observed in the nanolasers
analyzed here due to the low achievable photon numbers. This
fact, together with the lowQ−factor and the incomplete carrier
clamping at threshold, makes the current dependence of the
damping factor in nanolasers markedly different from the one
in larger lasers.
In Fig. 5 we show the calculated small-signal 3dB-
bandwidth as a function of the photon number (see Appendix
A). The 3dB-bandwidth plot clearly shows a large increase of
the modulation speed well above 100 GHz for the case of the
smallest nanopillar laser 3, as compared with the micropillar
laser 1 showing a modulation bandwidth close to 10 GHz for
Nph = 100. This allows us to conclude that a large increase of
speed in nanolasers can be achieved as a direct consequence
of the strong reduction of the effective mode volume and cor-
responding enhancement of the stimulated emission rate. The
modulation response for nanopillar laser 3 is shown in the inset
of Fig. 5 and allow us to explain the different slopes observed
in the 3-dB frequency curves for nanopillar lasers 2 and 3. This
change of slope marks the transition of the nanolaser between
an overdamped regime typical of a low-Q laser oscillator, that
is, when the relaxation oscillation signature is absent (in the
inset for Nph = 15), and an underdamped regime with a
clear relaxation oscillation frequency signature characteristic
of standard lasers (in the inset for Nph = 30). Effects such as
temperature increase strongly limits the current range in which
a practical nanolaser can be operated. Therefore, it is expected
that realistic nanolasers will operate mostly in the overdamped
10
regime since a large current density (> 200 kA/cm2) would
be required in order to operate the nanolasers in the standard
underdamped regime.
VI. CONCLUSION
In this work, we have investigated the role of Purcell
effect in the stimulated and spontaneous emission rates of
semiconductor lasers over a wide range of cavity dimensions
and emitter/cavity relative linewidths using single-mode rate-
equation analysis. We extended our treatment to account for
the inhomogeneous broadening of the carriers and their spatial
distribution over the volume of the active region enabling
the detailed modeling of either micro- or nano-scale lasers.
Using this model, we have investigated the static and dy-
namic characteristics of wavelength- and sub-wavelength scale
electrically-pumped metallo-dielectric cavity nanolasers. The
ultimate limits of scaling down these nanoscale light sources
leading to Purcell enhancement of the emission and higher
modulation speeds were discussed. We have shown that the
modulation dynamics depend directly on the effective mode
volume, Veff , and the photon number, Nph, through the gain
terms and is not significantly affected by the spontaneous
emission terms. As a result, the ultrafast modulation speed
properties predicted in nanolasers are a direct consequence of
the enhancement of the stimulated emission rate via reduction
of the mode volume.
The treatment presented here is markedly distinct from the
rate-equation analysis reported elsewhere due to the combina-
tion of the following key characteristics: i) only the physical
properties of the nanolasers, specifically the gain material
and cavity characteristics, are sufficient to fully describe their
static and dynamic characteristics; ii) both spontaneous and
stimulated emission rates are equally treated which leads
to a Purcell enhancement of both radiative emissions; and
iii) the equations do not require the ad-hoc introduction of
the spontaneous emission factor, β, or the Purcell factor,
FP , frequently adopted as fitting parameters in the rate-
equation models. Furthermore, if required our model can
be extended to include additional details, namely a more
detailed description of the semiconductor band structure, the
description of gain compression effects, or the inclusion of
thermal effects [70], which can be highly important for the
future design of nanolasers and respective prediction of their
performance. Specifically, peculiar effects such as a non-
monotonic dependence on temperature of the spontaneous
emission factor as reported in [70] and their respective impact
in the dynamic properties of nanolasers would be interesting
to study using our model. The theoretical analysis presented
here is important for the study of nanoscale semiconductor
light sources and their realistic performance for applications
in future nanophotonic integrated circuits.
APPENDIX A
MODULATION RESPONSE
To obtain the high-speed modulation response, we perform
a small-signal analysis following a standard procedure [67] by
taking the total differential of the rate equations Eqs. (22)-(23):
d
dt
(dn) =
ηidI
qVa
− γnndn− γnpdnph (24)
d
dt
(dnph) = γpndn− γppdnph (25)
Where the coefficients can be written as:
γnn =
∂rnr
∂n
+
∂rl
∂n
+
1
Veff
∂γsp,cav
∂n
+ nph
∂γnet
∂n
(26)
γnp = γnet(n0) (27)
γpn =
Va
V 2eff
∂γsp,cav
∂n
+
Va
Veff
nph
∂γnet
∂n
(28)
γpp =
1
τp
−
Va
Veff
γnet(n0) (29)
where n0 in γnet(n0) is the carrier density value at the steady-
state. We note that in the analysis used here the intraband
dynamics and thereby gain compression is neglected (i.e. γnet
does not depend on nph).
To obtain the small-signal responses dn(t) and dnph(t)
to a sinusoidal current modulation dI(t), we assume solu-
tions of the form dI(t) = ∆Ieiωt, dn(t) = ∆neiωt and
dnph = ∆nphe
iωt. Following the standard procedure we apply
Cramers rule to obtain the small-signal carrier and photon
densities in terms of the modulation current. The modulation
transfer function is then given by:
H(ω) =
ω2R
ω2R − ω
2 + iωγR
(30)
where ωR is the relaxation resonance frequency and γR the
damping factor and are they are related to the coefficients as:
ω2R = γnnγpp + γpnγnp (31)
γR = γnn + γpp (32)
In the situation where a) the nonradiative contribution can
be neglected, b) Veff ∼ Va, as in the case of subwavelength
nanolasers, and c) the contribution of the leaky modes can
be neglected (e.g. in a high-β nanolaser where the radiative
emission into the lasing mode is large), ω2R and γR can be
approximated as:
ω2R ≃
Nph
τpVeff
(
1
Nph
∂γsp,cav
∂n
+
∂γnet
∂n
)
(33)
γR ≃ τpω
2
R +
1
τp
− γnet(n0) (34)
Whereas for a low photon number Eq. (33) shows a de-
pendence on both differential spontaneous emission and net
gain, when the photon number is large Eq. (33) simplifies to
ω2R ≈
Nph
τpVeff
∂γnet
∂n , which agrees with the typical expression
found in laser textbooks [67]. This dependence of ω2R on
the inverse of Veff clearly demonstrates that the modulation
dynamics depends on the photon lifetime and on Veff andNph
through the gain term and is not affected by the spontaneous
emission term. In the case of the damping factor, two regimes
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are distinguished: a) near and above the threshold region where
the photon number is very low (Nph < 10 for the lasers
analyzed here), the damping factor decreases as 1τp−γnet(n0);
b) for larger photon number, the contribution of the term τpω
2
R
in Eq. (34) becomes relevant. This can be seen in the plots
of the Fig. 4c) where the damping of the nanopillar laser 3 is
slightly larger than the remaining lasers. The increase of γR
with Nph typical of larger lasers is not observed in the results
shown in Fig. 4c) due to the low achievable photon numbers.
Lastly, the 3-dB modulation bandwidth is given by:
f3dB =
1
2π
√√√√
ω2R −
γ2R
2
+
√(
ω2R −
γ2R
2
)2
+ ω4R (35)
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